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The problem of the cooling of fiat, cylindrical, and spherical cast- 
1rigs in sand molds is solved. The specific hea~ of the/iquid metal, 
the heat of crystallization, and the heat of pearlite transformation 
were considered in relation to the increase in the initial tempera- 
trite. Since the solution for a cytinder has akeady been tabulated, 
this paper gives a table of numerical values for a sphere only. 

In the development  of cas t ing  technology it is p a r -  
t i cu l a r l y  impor tan t  to know the k ine t ics  of cooling of 
cas t ings .  In this  connect ion,  ana ly t ica l  solut ions  of 
the p rob lem of the dura t ion  of cooling of a cas t ing  of 
an inf ini te  plate in a sand mold have r ecen t ly  appeared 
[1-3] .  These  solut ions  were der ived  on the following 
a s sumpt ions :  ' 

1. The the rmophys ica l  cons tan t s  of the meta l  and 
mold a re  cons tant  and are  independent  of the t e m p e r a -  
ture .  

2. The heat  of sol id i f icat ion,  the heat of pea r l i t e  
t r a n s f o r m a t i o n ,  and the heat content  of the liquid meta l  
can be replaced  by the equivalent  heat  content  of the 
solid metal .  

3. The t e m p e r a t u r e  grad ien t  in the me ta l  is zero.  
The second a s sumpt ion  means  that the cooling of 

a sol idifying cas t ing  can be regarded  as the cooling 
of a body with ini t ia l  t empe ra tu r e  

ts = t~ + [c: ( tp--  t~) + qo + qp]/C~ . 

The e r r o r  in t roduced by these  a s sumpt ions  has 
been de t e rmined  f rom [1-3]  for a plate on a hyd ro -  
s ta t ic  in t eg ra to r  and does not exceed 5% for  the per iod 
of sol id i f ica t ion of the cast ing.  

In this  paper  the co r re spond ing  p r o b l e m s  for cy l in -  
d r i ca l  and spher ica l  cas t ings  a r e  cons ide red  with the 
above as sumpt ions .  The de t e rmina t i on  of the t e m -  
pe ra tu r e  d i s t r i bu t ion  in a sand mold n e c e s s i t a t e s  the 
solut ion of the same  d i f fe ren t ia l  equat ion with the same 
boundary condit ions as in [4], the only di f ference being 
that  the p rob lem the re  was s o l v e d f o r  0 _< g -< 1, whe re -  
as in this  p roblem the case  1 -< ~ _< ~o mus t  be con -  
s idered .  Thus,  the t e m p e r a t u r e  d i s t r i bu t ion  in the 
mold is given by the equation 

~ o ( ~ ,  Fo) _ o~o(~, F o ) +  m OO(~, Fo) 
OFo O~ ~ ~ 9~ 

Fo>/0, 1 < ~  ~o (1) 

with the boundary  condit ions 

0(~, 0 ) = 0 ,  0(1, 0 ) =  1, 

- - K  00(1, Fo) + 0 0 ( 1 ,  F o ) = 0 ,  (2) 
0 ~ 0Fo 
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where  

o = [t(x, ~)--tol / ( ts--to);  ~ = r/R; 

Fo ~- a x/R2; K = c y FR/c,j y,, V~, 

m = 0, 1, and 2, respec t ive ly ,  for  a plate,  cy l inder ,  
and sphere .  

We c o n s i d e r  the cooling of a f lat  wall  of th ickness  
2R. The solut ion for  the t e m p e r a t u r e  image is ob-  
ta ined in the fo rm 

~) (~, s) = exp [ -  (~ - 1) U s ] / C s ( K  + ( 7 ) .  (3) 

The or ig ina l  is  found f rom the table  of images  [5]: 

O (~, Fo) = exp [(~ - -  1) K + 

+ (K ~f~-~)2] erfc [(~ - -  1)/2 lfF-~ q-K (F-6]. (4) 

When ~ = 1 the t e m p e r a t u r e  of the meta l  is obtained,  
s ince  at any ins t an t  r it i s  equal  to the sur face  t e m -  
pe ra tu r e  of the mold,  

O~ (Fo) = exp (~ V-F-o) ~ erfc (K |/F-o). (5) 

This solut ion is given in [1, 3]. 
We cons ide r  a cy l inder  of r ad ius  R. The solut ion 

for the t e m p e r a t u r e  image  is obtained in the fo rm 

~(~, s)=Ko(~l/s)/[~o(Vs)+KV-~K,(V~s)t. (6) 

Using the i n v e r s e  Laplace t r a n s f o r m  and c o n v e r t -  
ing f rom an in t eg ra l  of a complex va r i ab le  to an in t e -  
g ra l  of a r ea l  va r i ab l e ,  we obtain 

2 
O (L F o ) = - -  • 

[I~ Jo (I~) - -  K Jr (B)]2 + [I~ Yo (I~) ~ KY~ (~)] 
X 

X exp ( - -  i~ 2 Fo) d •. (7) 

When ~ = 1 we obtain the t e m p e r a t u r e  of the meta l  

K,1 
O~ (Fo) ---- - "  • ~2 

exp(--B 2Fo) d~_~ . (S) 

• 1~ Jo (~) " K A  (~)1 ~ - 1~ re  ( ~ , ) -  KY~ (~)l~ 
o 

F o r m u l a  (8) has been  used to m e a s u r e  the t h e r m a l  
conduct iv i ty  of rocks  [6]. The mos t  i n t e r e s t i n g  of the 
inves t iga t ions  known to the author  is [7], where  the 

in teg ra l  of f o r m u l a  (8) is tabulated.  
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Fo 

0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
15 
20 

V a l u e s  of Me ta l  T e m p e r a t u r e  when  ~ = 1 

0.5  

0.7210 
0.6577 
0.6059 
0.5620 
0.5237 
0.4898 
0.4596 
0.4324 
0.4076 
0.2456 
0.1624 
0.1139 
0.0834 
0.0633 
0.0495 
0.0396 
0.0324 
0.0270 
0.0132 
0.0080 

0.5437 
0.4638 
0.4041 
0.3569 
0.3185 
0.2865 
0.2595 
0.2363 
0.2162 
0.1061 
0.0631 
0.0419 
0.0300 
0,0227 
0.0178 
0.0144 
0.0120 
0.0101 
0.0053 
0.0034 

OM for K e~ ual to 

1.5 

0.4257 
0,3460 
0,2902 
0.2485 
0.2161 
0.1902 
0.1690' 
0.1514 
0.1365 
0.0622 
0,0363 
0.0242 
0.0174 
0.0133 
0.0106 
0.0086 
0.0072 
0.0062 
0.0033 
0.0021 

o. 3438 
0.2699 
o. 2206 
o. 1853 
0.1586 
o. 1379 
0.1213 
0.1077 
0.0965 
0.0428 
0.0250 
0.0168 
0.0122 
0.0094 
O. 0075 
0.0061 
O, 0052 
0,0044 
0,0024 
0,0016 

0.1822 
0.1336 
0.1046 
0.0852 
0.0715 
0.0612 
0,0532 
0.0469 
0.0418 
0.0184 
0.0110 
0.0075 
0.0055 
0.0043 
0.0034 
0.0028 
0.0024 
0.0021 
0.0012 
0.0008 

0.1193 
0.0856 
0.O663 
0.0537 
0.0449 
0.0383 
0.0333 
0.0294 
0.0262 
0.0116 
0.0070 
0.0048 
0.0036 
0.0028 
0.0022 
0.0019 
0.0016 
0.0014 
O.0O08 
0.0005 

0.0876 
0.0623 
0.0481 
0.0389 
0.0325 
0.0278 
0.0242 
0.0213 
0.0190 
0.0085 
0.0051 
0.0035 
0.0026 
0.0020 
0.0017 
0.0014 
0.0012 
0.0010 
0.0006 
O. 0004 

We c o n s i d e r  a s p h e r e  of r a d i u s  R. The  s o l u t i o n  f o r  
the  t e m p e r a t u r e  i m a g e  is  ob ta ined  in the  f o r m  

~ ) ( ~ ,  s) = exp[- - (~  - -  1) Vsl / [s  + K ( 1  +V-~ ' ) ] .  (9) 

U s i n g  the  i n v e r s e  L a p l a c e  t r a n s f o r m  and c o n v e r t -  
ing f r o m  an i n t e g r a l  of a c o m p l e x  v a r i a b l e  to  an  i n t e -  
g r a l  of a r e a l  v a r i a b l e ,  we ob ta in  

r  

2 ~ (K --- ~ )  sin it (~ --1) + K I~ cos ~ (~ --1)  go (~, Fo) • 
0 

X It exp ( - -  It2 Fo) d It. (10) 

When ~ = 1 the  t e m p e r a t u r e  of the  m e t a l  i s  o b t a i n e d ,  

co 

2 f exp ( - -  ~2 Fo) 
OM(Fo)= ~:K , 1 4- (l/it - - i t /K)  ~ dg. (11) 

0 

The r e s u l t s  of t a b u l a t i o n  of t h i s  i n t e g r a l  on a M i n s k -  

2 e l e c t r o n i c  d i g i t a l  c o m p u t e r  a r e  g i v e n  in T a b l e  1 f o r  
t he  s a m e  v a l u e s  of the  p a r a m e t e r s  as  w e r e  c h o s e n  b y  
J a e g e r  f o r  a c y l i n d e r  [7]. 

N O T A T I O N  

t c is  the  t e m p e r a t u r e  of c r y s t a l l i z a t i o n ;  tp i s  the  
t e m p e r a t u r e  of p o u r i n g ;  c ~  is  the  s p e c i f i c  h e a t  of 

l iqu id  m e t a l ;  qc  i s  the  s p e c i f i c  h e a t  of c r y s t a l l i z a t i o n ;  
qp is  the  s p e c i f i c  h e a t  of p e a r l i t e  t r a n s f o r m a t i o n ;  c 1 is  
the  s p e c i f i c  h e a t  of so l id  m e t a l .  
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